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1. INTRODUCTION 
We study in this paper the problem of equiconvergence of some lacunary 
(Birkhol‘f) trigonometric interpolation polynomials (for a detailed treat- 
ment of this subject we refer to the recent book of Lorentz et al. Cl]). In 
1968 A. Sharma and A. K. Varma [6] proved that there exists a unique 
trigonometric polynomial R,(x) such that 
Rn(Ykn) = ukn 3 Ribkn) = hkn, R:(-%,) = “kn > (1.1) 
where a~~,, = 2x& and akn? bkn, Ckn are given constant, k = 0, l,..., n - 1 
(“(0, 2, 3) interpolation”). We require the trigonometric polynomial to have 
the form 
M-l 
d, + c (dk cos kx + ek Sin kx) + FdM cos Mx, 
k=zl 
(1.2) 
where M = [(3n + 1)/2] and E = 1 or 0 according as IZ is even or odd. 
In the same paper [6] the following convergence theorem was proved: 
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THEOREM A (A. Sharma and A. K. Varma Lb]). Let .f’ he 2z-periodic 
und in Lip c(, c( > 0, and let 
c~~=o($---, k=O, l,..., n-l. (1.3) 
Then R,(x) = R,(.J x) satisfjing (1.1) and (1.3) conoerges uniformly to f( x) 
on the whole real line. 
It is natural to ask to what extent is this theorem best possible? This 
problem was examined in [S]. It was shown that even in the case 
b,, = ckn = 0, f E Lip c(, c( > 0, cannot be replaced by f E Czn. 
Throughout this paper we shall assume n = 2m + 1, 
xkn = 271k/n, k=O, l,..., n- 1. (1.4) 
Further, we shall denote by Q,,(j; x) the trigonometric polynomial of the 
form (1.2) satisfying 
k = 0, I,..., n - 1. 
It is well known [see Zygmund [lo]] that the unique trigonometric 
polynomial of order m which interpolates J(x) at the nodes (1.4) is given 
by 
(1.6) 
with 
D,(x)= 1+2 f cos ix. (1.7) 
r=l 
It would be nice to observe that T,(f; x) converges to f (x) only under 
certain conditions and this would motivate equiconvergence off - Q and 
f - T,. For interesting contributions on equiconvergence we refer to G. 
Szegij [7] (see specifically Chapters IX and XIII). More precisely, we state 
our main theorem on equiconvergence as follows: 
THEOREM 1. Let fECZrrr then there exists a function p*(x) E czn indepen- 
dent off with (pL,(x)I < c such that 
lim Cf (4 - Q,(f, 4 - ,U)(f (4 - L(L x))l = 0, (1.8) n-52, 
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uniformly on 0 <x 6 27~. Here QJf, x) and T,,,(f, x) are defined by (1.5) and 
(1.6). 
COROLLARY 1. Let p >O be any fixed number. Then the sequence 
Q,,(f, x) defined by (1.7) satisfies 
lim f 2n lQ,(f,x)-f(x)I”dx=O n-m 0 
for every f E C,,. 
The above corollary at once follows from Theorem 1 and the well-known 
theorem of Marcinkiewicz [2, lo] which is stated below. 
THEOREM B. Let f(x)EcZn, 0 <p < co, and T,(f, x) is given by (1.6) 
then 
lim 5 2n If(x)-T,,,(f,~)[~dx=O. n-m 0 (1.9) 
For many interesting contributions on the problem of mean convergence 
we refer to the works of P. Nevai [3-51, P. Vertesi [9], and many referen- 
ces mentioned therein. 
2. PRELIMINARIES 
We denote the Fejer kernel by 
t,,,(x) = 1, t,,&(X) = 1 + ; ;rr(j- i) cos i(x -X/J, j> 1. (2.1) 
1 I 
The following properties of the Fejtr kernel will be needed: 
(j + ’ 1 fj+ I,kCX) - 2jtj,k(X) + (j- 1 ) t,- I,k(X) = 2 COSj(X - Xkn), (2.2) 
nC’ tj,k(X) = 4 (2.3) 
k=O 
tj,k(X) = i 
(2.4) 
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From (1.10) we have 
DJX - x,,) = 1 + 2 c cos i(x - ,YA,l), (2.5 1 
,=I 
D,n(x - Tkn) = (m + 1) f, + ,.!A-~) - mtm.k(X), (2.6) 
D 3nl+ d--d= (3~+2) t,,+,,+- (3m+ 1) km+ dx), (2.7) 
D 3m+,(~-xJ=(1 +2cos(2m+ l)x)Dm(x-xkn). (2.8) 
In the quoted work [6] the explicit form of Q,,(A x) was also obtained. 
It is given by 
Qn(L xl = “C’ .rcx,J 4x - x/eJ (2.9) 
k-O 
where for n odd (= 2m + 1) 
u(x) = A,(x) - B,(x) (2.10) 
where 
A,(x)=; l+$ f ccjCOSjX 
[ 1 ) B,(x) = 1 3mf ' j?,cosjx (2.11) ,=I n- ,=m+ I
and 
(n* -j*)* 
3,=LxIn= 
n*-3j2 ’ 
B- = B, = (n --j)*P -A* 
J ,n n* - 3(n -,j)* ’ 
(2.12) 
For the proof of Theorem I, we need to express the fundamental 
functions U(X - x,,,) in terms of Fejer and Dirichlet kernels. This result is 
shown in the next lemma. 
LEMMA. The ,following representation of A,(x) and B,(x) is valid: 
+$D,(x-4 (2.13) 
and 
+(3m+l)(a3,-B3m+I)t3m+l,k(~) 
+ (B 3m+l(l +2cosnx)-B,)D,(x-x,,) I (2.14) 
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where 
Y/=%--%+~,+,, 6, = PI 1 - 2P, + PI, 1. (2.15) 
Proofs of (2.13) and (2.14) are on the same lines. Therefore we give the 
details of (2.13) only. From (2.11), (2.2), and (2.15) we obtain 
A(xpxkn)=~ l+$ .f rj((j+ l) tj+I,k(X)-2jtj,k(X) 
L I=1 
+Wl)r ,-I. k(x))~=~[l+~(~~~.i~*ir,,ko 
-2 f ICl,f,,k(X)+ y’ a/+ 1 lfl,k(X) 
/= 1 /= I >I 
=yp (k Ir2~,+~,+,)~t,,k(x) /=I 
+ urn l ml,,, (x)+%&f+ 1) tm+I,k(-~)-2m~,t,k . (x)1 
= f [k' yJt,.k(x) + (a,-, -dmt,,k(x) I= I 
+ cc,((m + 1) t m+ ~,k(x) - mt,,k(x) 1 
=~['ilr,i~,,,~O+(~~~,-~~)mr,,(x)+a,D,,,(x)]. /= I 
This proves (2.13). 
3. PROOF OF THEOREM 1 
Since Q( 1; x) = 1, we have 
>I- I
f(x) - Qn(J x) = 1 (f(x) -f(d) 4-x - xkn). 
k=O 
Further, from (2.10), (2.11), and (2.13) we have 
f‘(X) - Q,(.L X) = G(X) c (f’(X) -J‘(xk,)) Dm(X-Xkn) 
k=O 
+ h, “c’ (.f’tx) -ftXkn)) tm.k(X) 
k=O 
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where 
umcxr=~-&cB3m, I(1 +2cosnx)-B,) (3.2) 
b,, = 3 (at?? l-~m)-~cam+,-Dm). (3.3) 
From (3.2), (3.3) we have 
%dx) =m> Mx)I <C,) n (3.4) 
lb,1 &J hiI - B 3m+ I I 6 c3n, (3.5) 
lY,I d c4> 1 = 1, 2 ,..., m - 1, (3.6) 
1611 dCS> 1 = m + l,..., 3m, (3.7) 
where cl, c2, c3, c4, and c5 are independent of n. Therefore, we have 
f(x) - Q,(.L x) - ~n(x)(f’(x) - T,n(f, xl) 
= i2n(X) + ~3n(X) + A,,(x) + Lb), (3.8) 
where 
&n(X) = 6, c (f(X) -f‘bk)) tm.k(Xh 
k=O 
3m t I - B3m) c (J’(x) -f(x,,)) t3m+ u(x), 
k-0 
n4n(x) =; mf’ Y,l ‘x1 (f(x) -ftxk,)) t,,k(x)~ 
/= I k = 0 
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and 
16, y (f(x) -S(x,,)) t,,,(x). 
I=m+ 1 k=O 
(3.9) 
Next it is easy to show that for SE C,, we have 
lim A,,(x) = 0, 
n ~+ Cc 
k = 2, 3, 4, 5. (3.10) 
Here we use (3.5)-(3.7) and follow as in FejCr sums. From (3.8) and (3.10) 
Theorem 1 follows at once. 
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